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Abstract 
 
       The growing interest in the use of parallel kinematic machines (PKM) in machining applications requires clear 
determination of the workspace, dexterity and stiffness. This paper deals with the issues regarding the use of PKM as 
micro machine tools. Comparison criteria are set and a quantitative analysis is made to compare the characteristics of 
serial and parallel kinematics with respect to their potential suitability in building micro machines. Different 
configurations of PKM are discussed with the mobility, workspace and stiffness characteristics as examples. An 
example is modelled to discuss the issues in detail and a program has been made to analyse the dexterity and 
workspace issues of the PKM manipulators.  
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1. Introduction  

 
Serial machines are different from parallel 

machine tools in many ways. Few attempts have been 
made to compare the properties of the two systems 
[1,2]. But the common performance criterion is the key 
to converge to a final decision as results may be found 
completely different in different machining conditions. 
Tlusty et al. [2] have compared commercial serial and 
PKM machines mainly for stiffness and acceleration 
capabilities. It was revealed that the performance of 
constant strut leg PKM is better mainly due to high 
stiffness than the more flexible variable strut machine. 
But the constant strut machine will have limitations in 
the workspace.  

Micro machines are made to manufacture meso- 
scale artefacts as large size machines cannot handle 
such a small size work piece. Micro machines are 
generally build by employing serial kinematics as 
reviewed in [3].  To build a micro PKM with all the 

best properties, a comparison of the serial and parallel 
kinematics is required. It needs to be proved that PKM 
have equal potential and should not be considered as a 
weaker option right from the start of the design 
process. For higher flexibility in machining, a 
dexterous and stiff workspace is required for PKM 
systems. The dexterous volume should be free of 
singularities. It appeared that this is not an easy task. 
An approach is attempted in this paper.  The cluster for 
Advanced Production Machines (APM) at IPROMS is 
investigating related research in micro machining as 
well as the future roadmap for micro engineering. 
 
2. Comparison between serial & parallel 

kinematics 
 
Serial stacking of axis is the conventional way to 

design the serial kinematics machine tools. Usually, the 
outermost axis is the biggest in size because it carries 
all the other carriages and is responsible for having the 



 

largest inertia as well. These machines are also the 
biggest energy consumers due to heavy weights of the 
components. Serial stacking of axis makes these 
machines much more oversized, expansive and slow.     

In contrary, Parallel kinematic machines use many 
different type of joints in their structure. The joints and 
links work in combination to form a closed loop 
kinematic chain. The combination of a number of 
closed loop chains form a PKM system. There are 
spherical, prismatic, universal, and revolute joints 
which play the role in the final shape of the workspace 
of the manipulator. Each type of joint causes a unique 
effect on the system’s overall mobility (Figure 1). 

 
2.1. Comparison criteria 
 

Some comparison criteria are chosen to compare 
SKMs and PKMs. A quantitative analysis has been 
made for the suitability of each design in the micro 
milling system. The ultimate objective of this research 
is to select a kinematic system which gives a micro 
machine tool system with a very high accuracy, large 
working volume without singularities, high acceleration 
and stiffness. 

        

Figure 1 Serial and parallel kinematics 

Some of the properties are compared quantitatively in 
the two mechanisms as follows. These properties have 
been given three categories in terms of their suitability 
in the design of milling machine. The quantitative data 
in Table 1 can be explained using a few examples.  

 

Table 1 Inherent properties of machine tool kinematics  

1. least suitable 2. average 3. most suitable      
  Property SM  PM 

Working volume/Total size of machine 2 1 
Vulnerable to errors  1 3 
Accuracy 3 2 
Static Stiffness 3 3 
Axis acceleration 1 3 
Cutting forces 1 3 
Machining of �  5 faces in single setup  1 2 
Range of angular motion (reaching to 90°) 
Dexterity 

3 2 

 

Working volume & Stiffness   
 
The serial machine’s working volume can be 
parallelepiped, i.e., due to three Cartesian axes. 
Whereas the parallel machines give variety of shapes of 
the working volume. It depends basically on the type of 
joints in their structure. The shape of the working 
volume can be spherical, cylindrical or elliptical. 
Commercial parallel machines have a large footprint 
and give a small workspace as compared to their size. 
However, the ratio of machine working volume to the 
overall machine size is better in serial systems.  
 Serial machines exhibit a homogenous stiffness 
throughout its workspace, as minor change in the 
stiffness can harm the volumetric accuracy. In PKM, 
stiffness was an issue in the earlier versions, but now, 
the commercial PKM like the ‘Variax’  has a 
theoretical stiffness value of 175 N � m-1 compared with 
35 N � m-1 for a typical conventional serial machine 
tool [4]. However, such a high stiffness can be a 
potential benefit in cutting very hard materials like the 
one presented in [5] with a 62 HRC. Moreover, the 
stiffness of the proposed micro PKM should be equal 
to the stiffness range of the average serial machine tool. 
    
Machine tool errors, Accuracy and error 
compensation  
 
Serial machines accumulate errors for every axis due to 
its inherent design of being a serial chain of elements. 
All the geometrical errors of each axis get multiplied to 
become a final volumetric error for the tool actual 
location. In contrary, parallel structures consists of 
simple elements. There is no bending moments 
involved as all closed loop kinematic chains share the 
load of the moving platform. In serial, the outer most 
axes bears the entire load, thus become vulnerable to 
more structural bending errors.   
 
Although PKM have less sources to produce errors but 
today serial machines are taking the lead for getting 
higher accuracies. A couple of examples on the 
accuracies attained from both micro and standard size 
machines are reviewed in [3]. The proposed micro 
PKM is aimed to achieve sub-micron level accuracy. 
Moreover, errors can be compensated in serial and 
parallel machines using offline and online state of the 
art error compensation techniques. In PKM, movement 
and compensation in single axis requires a movement 
in all the actuators while in serial, only one actuator per 



 

axis is needed.  
 
3. Configuration characteristics analysis 
 
PKM’s can be classified in different configurations 
according to various criteria e.g. type of joints, number 
of closed loop kinematic chains and DOF of the 
system.      
 
3.1. Configuration 
 
Over all, PKM can be classified in to two groups on the 
basis of DOF. The mechanisms which give only two 
DOF are often planar systems. Spatial mechanisms are 
the complex form of planar mechanisms with three to 
six DOF. DOF is dependent on the type of joints and 
number of limbs. The limbs may be of constant or 
variable length. Stewart Gough platform was designed 
few decades ago and is now being used in many 
applications like machine tools, bio-medical equipment 
and flight simulators [6,7]. Figure 2 shows some 
frequently used spatial manipulators.  
 Some of the spatial mechanisms can be found with 
one axis extended to give a large workspace. This 
extended axis is like a serial outermost or the biggest 
axis. Manipulator can have the translational slides on 
the static platform. Most of these manipulators are used 
in the hanging configuration with vertical and 
horizontal guide ways. Figure 2(c) is a Hexa slide with 
translation of the upper platform joints in the guide 
ways to increase the manipulator work space.  

      

Figure 2 Examples of spatial mechanisms: (a) Stewart-
Gough (b) 3-RPS (c) Hexa slide 

               
3.2. Characteristics 
 

An overview of the PKM characteristics can be 
given using different type of joints and varying number 
of limbs. In Figure 3, three properties are discussed 
using different joints and number of limbs. In the first 
row, all the kinematic limbs are SPS (Spherical-
Prismatic-Spherical) and the DOF are calculated. In the 
lower rows, universal joints are being used and the 
DOF of the manipulator have reduced considerably. 
Moreover, the number of legs varied from 3 to 5 in 

each row from left to right and the corresponding 
stiffness of the system will increase with the addition of 
each leg. In contrary, workspace will shrink by adding 
more legs as each limb will put the constraint on the 
mobility of the mechanism. For the micro PKM milling 
machine application, a trade-off will be required 
between the high stiffness and large dexterous 
workspace requirement. Three number of legs are 
suitable for the purpose to get a large workspace but 
the stiffness needs to be checked as the commercial 
milling machine ‘Variax’ has a very high stiffness but it 
is actually using six legs in cross combination.  

 

                                                               

Figure 3  PKM characteristics  

In this paper, a mechanism is presented for the 
calculation of dexterity and workspace which will show 
that the manipulator’s movement in constraint 
directions are also accounted.  
 
4. Modelling of general PKM manipulator 

 
Before start modelling a specific PKM system, a 

general method needs to be devised using a general 
manipulator. The number of limbs can be ranged from 
three to six depending upon the stiffness requirement of 
the system. In this study, three limbs are proposed. 
Rotation representation of the moving platform is based 
on the Euler method of angular transformation. It is 
given  
i. by an angle �  about the z axis followed by  
ii.  the rotation by an angle �  about the x-axis 
iii.  followed by the rotation by an angle �  about the y-

axis. 
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Eq. (2) gives the transformation rotation matrix of the 
upper platform with respect to the global reference O. 
If translations are added to this Euler transformation,  
 
[ ] [ ][ ]ZXY

U
L RotTranT =                                  (3) 

 
By applying the Euler transformation for the upper 
platform, new locations can be found for the moving 
manipulator in global co-ordinate system of the base 
platform as shown below. (See Figure 4) 
 
{ } [ ] { }

UCSp
U
LGCSp UTU =                                            (4) 

 

 

Figure 4 Forward (� OPAi) & inverse kinematics (� OBiAi): 
Transformation from lower (global) to upper co-ordinate 

system 

The vector position of the joint r i with respect to GCS 
is comprised of the lower platform radius bi and the 
limb length l i. It can be written like a closed loop 
kinematic chain as   

®®®

+= iii lbr                                                      (5) 
Manipulator’s jacobian provides the relationship 
between the input joint rates and the end-effector 
output velocity and can be found by deriving eq. (5). 
 

..
qJXJ qx =                                                     (6) 

 
The overall Jacobian matrix J can be written as 

..
qXJ =  Where xq JJJ 1-=    

 
The jacobian has a very important role to play. 

Inversion of jacobian also depends upon the final shape 
of the matrix. To deal with these issues, a case-study 
will be considered next.  
 
5. Current configuration  
 
Using the general formulation of modelling above, a 3-
PRS (See Figure 5) manipulator is considered to 
observe the previously discussed characteristics. 
Detailed modelling of the manipulator is available in 
[8,9].  
 
The inverse kinematic solution in terms of actuator 
values could be determined by dot multiplying eq. (5) 
with itself and is given in eq. (7-9). The overall 
jacobian for the 3-PRS system is presented in eq. (10). 
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Figure 5 Vector model of the inclined PRS manipulator 
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Where
zlzbylybxlxb ssssssF 1111111 ++= ,

zlzbylybxlxb ssssssF 2222222 ++= , 

zlzbylybxlxb ssssssF 3333333 ++=  

Where sbi and sli are unit vectors along the actuator and 
the constant length leg l. sli can be defined in the 
following way. 
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The jacobian based on the screw theory for the 3-PRS 
manipulator is formulated in [9] and will be used later 
in this study. The inversion analysis of the jacobian 
given in eq. (10) is discussed in the next section.   
 
6. Inversion Analysis 
 
Methods of Inversion 
 
Conventional method as shown previously will usually 
give a rectangular (over or under determined) matrix. 
The screw method gives square jacobians. Matrix 
decomposition can be used to convert the rectangular 
jacobians into its square components. There are a few 
methods available to decompose m by n matrices. 
Pseudo-inverse based on the singular value 
decomposition is a convenient way to factor the matrix 
J where m < n and where the rank of J matrix is not 
equal to the number of columns. The Moore-Penrose 
generalized matrix inverse is a unique n x m pseudo-
inverse of a given m x n matrix. Pseudo-inversion 
provides a partial solution for the inverse of the 
rectangular matrices.  
 
Dexterity and effect of condition number  
 
 The dexterity is defined numerically by the  
maximum permissible Jacobian condition number [10]. 
Workspace, with the accessible orientations of the 
moving platform is considered as dexterity of the 
manipulator.  
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Where ||.|| is 2-norm of the matrix and is defined as the 
square root of the ratio of the largest to the smallest 
eigenvalues of Jacobian matrix. The locations where 
the condition number reaches unity, the end-effector 
velocity becomes equal to the actuator velocity. These 
locations are found where � max = � min. For different 
poses, the value of condition number increases near the 
workspace boundaries where the dexterity becomes 
very low. Dexterous workspace is the subset of the total 
reachable workspace.  
A matrix is said to be well conditioned when k is small 
and ill conditioned when k is large. A well conditioned 
Jacobian matrix gives a more uniform set of possible 
velocities [10]. Carretero et al. [9] have calculated the 
manipulator’s dexterity using the condition number. To 
find out the reachable and dexterous workspace, the 
condition given in eq. (13) is required to be 
implemented in the searching program. The maximum 
condition number is given as the input and the program 
start search from the defined reference point in a 
certain direction. When it reaches to a maximum value 
in that direction, the program stops. It then restarts 
searching from the reference point in another direction.  
 

max)()( JcondJcond £                                      (13) 

 

 

 
Figure 6 Dexterity using (a) conventional Jacobian at cond(J) 
�  1.5 (b) screw Jacobian at cond(J) �  3 (c) pseudo-inverse of 
conventional Jacobian at cond(J) �  1.5 at �  = 0°. 

(a) (b) 

(c) 



 

The dexterity is calculated with l i = 1m and rp = 1m. 
With conventional Jacobian, the dexterity is found 
larger (See Figure 6-a) than the one available from 
screw Jacobian (See Figure 6-b). Also note that the 
dexterity available with screw Jacobian is at the cond 
(J) �  3. In screw method, if cond (J) is very small, e.g., 
1.5, the obtained dexterity will be negligible. Dexterity 
is also calculated by taking the pseudo-inversion of the 
conventional jacobian (See Figure 6-c) which is found 
similar to the one without inversion.   
 
7. Workspace results  
 
The dexterous work space and the total workspace of 
the 3-PRS manipulator is found and shown in Figure 7. 
It is evident that the dexterous workspace is the subset 
of the total workspace. 
 

 
           (a)                                                   (b) 
 Figure 7 (a) Dexterous workspace (b) Total workspace  
 
8. Conclusion 
 
The paper aimed at computing the workspace of a 
tripod platform PRS type and then extracting the 
corresponding dexterity. Pseudo-inversion of the 
conventional rectangular Jacobian gives almost the 
same result with some discrepancies in the outer 
envelope compared with the forward jacobian analysis. 
 Cross-sections of the dexterous and total 
workspace show the three sided shapes actually 
depicting three limbs of the manipulator. The same 
work will be carried out with more number of legs and 
different type of joints, e.g. spherical. This analysis is 
very important as the trade-off between stiffness and 
workspace is required for the potential design of micro 
parallel kinematic milling machine.  
 Parametric design to define various configurations 
will be taken into account. A selection will be made 
based on the workspace, dexterity and stiffness. To 
enlarge the platform characteristics, the actuators can 

be given some inclination as shown in this paper. Their 
corresponding workspaces for the final selection of the 
design in micro milling application can be helpful in 
optimizing the design. Experimental testing will be 
carried out to verify the simulation results.  
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