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Abstract 
 
        The Time Difference Of Arrival (TDOA) method, often used for sound source localisation, is not suitable 
for locating the source of dispersive waves.  It is difficult to establish the actual time of arrival of a dispersive 
wave because of the dependency of its velocity on its frequency.  To overcome this timing uncertainty, two 
novel approaches for the localisation of an impulsive acoustic source in a solid object are proposed in this paper. 
The Wavelet Transform is utilised to extract different frequency components from the recorded acoustic signals 
for estimation of the group velocities of the various frequencies. Maximum Likelihood Estimation (MLE) is 
introduced to improve the accuracy and reliability of the localisation. In the paper, three localisation methods 
based on these techniques are introduced and compared. 
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1. Introduction 
 

An impact on an elastic surface can produce 
energy in the form of acoustic vibrations. The 
objective of the experiments presented in this paper 
is to utilise the information carried by such vibration 
signals to localise the position of the vibration 
energy source arising from the tactile interaction. 
Using this method, an object surface can be 
transformed into an interactive computer interface. 
Acoustic localisation has been adopted in a number 
of applications to implement Human-Computer 
Interfaces (HCIs) [1], [2], [3], [4], [5], [6].  

There are two basic techniques developed for in-
solid acoustic source localisation: Time Difference 
Of Arrival (TDOA) and Location Pattern Matching 
(LPM). TDOA is a technique which estimates the 

location of an acoustic source by computing the 
differences in the arrival times of acoustic signals at 
a number of sensors. LPM uses previously recorded 
acoustic signal patterns to match an unknown 
acoustic signal pattern so as to identify the position 
of the associated impact. 

In this paper, discussion is concentrated on 
different TDOA-based approaches. 
 
 
2. Background 
 
2.1. Theory 
 

Acoustic wave propagation in solids is much 
more complicated than in air. This is because tapping 
on an object can cause it to vibrate and generate 



complicated particle movements. These are governed 
by different wave modes.   

There are two Lamb wave modes relevant to the 
experiments, Extensional wave (symmetrical) and 
Flexural wave (asymmetrical). In the low frequency 
domain, the flexural wave is dominant. The 
propagation velocity of a flexural wave in plates is 
dependent on its frequency. This is called the 
dispersion property, which should be correctly 
analysed and taken into account in the localisation 
algorithm to achieve precise localisation.  

 In-air acoustic source localisation using time 
difference estimation is a well developed area [7]. 
There has also been great interest in non-destructive 
testing and evaluation (NDT & NDE) using 
ultrasound to locate source positions in solids. 
However, the significant difference between in-air 
and in-solid acoustic localisation is the complexity of 
wave propagation in solids. Consequently, the 
traditional time difference method is unsuitable for 
applications requiring precise localisation.  

In this work, the Continuous Wavelet Transform 
(CWT) was used to estimate the group velocities of 
dispersive signals for improving the accuracy of the 
localisation. The development of a statistical method 
of estimation of maximum likelihood in conjunction 
with CWT is proposed to improve the accuracy and 
reliability of the localisation.  
 
2.2. Source location in a plane 
  

The principle of the TDOA method is to use the 
measurement of time differences between arrivals of 
signals to estimate the source location. These time 
arrival delays result from the differences in distances 
from the source to the sensors which are placed at 
known geometric positions.  

Fig. 1 presents a typical TDOA system 
comprising a plate, four sensors installed at the four 
corners, signal conditioning hardware, a data 
acquisition card and a PC. A knock on the plate can 
be detected by the sensors. The sensor outputs are 
amplified and filtered, then digitised and finally 
processed by the PC to obtain the coordinates of the 
position of the knock.  

In the case where four sensors are used for the 
localisation of an impact (theoretically three sensors 
will be sufficient for localisation), the location 
at ),( yx  has the following relationship with the time 
differences of the sensor signals: 

 

13
2

3
2

3
2

1
2

1 )()()()( tvyyxxyyxx D=-+---+-  (1) 

 

24
2

4
2

4
2

2
2

2 )()()()( tvyyxxyyxx D=-+---+-  (2) 

 
where (x1, y1), (x2, y2), (x3, y3) and (x4, y4) are the 
coordinates of the four sensor positions. v  is the 
acoustic wave propagation velocity in the plate. 13tD  
is the measured time difference for the sensor 
locations (x1, y1) and (x3, y3), and 24tD  is the 
measured time difference for the sensor locations (x2, 
y2) and (x4, y4). 

The above equations can be expressed in the 
general form 
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where i and j represent the sensor indices. The source 
location can therefore be calculated by minimising 
the following expression: 
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where it ,1D  represents the time difference between 

signal arrivals at the 1st sensor and the i th sensor. 
It should be pointed out that the determination of 

the source location in a plane is based on the 
hypothesis of acoustic waves travelling in the plate at 
a constant velocity.  

 

 
Fig. 1 TDOA hardware block diagram 

 
2.3. General TDOA techniques 
 

A conventional method used to determine the 
arrival time of a signal is to detect its rising edge. 
The time difference is then calculated after each 
rising edge of the arrived signals is detected and 
recorded. In this work, it was found that the time of 
arrival directly extracted from the rising edge varied 



widely due to the dependency of wave velocity on 
wave frequency. In practice, the value of the 
threshold should be tuned experimentally in order to 
achieve accurate localisation results. In addition to 
the selection of an appropriate threshold, the 
accuracy and the reliability of the localisation can 
also be improved by low-pass filtering and 
normalisation of the signals [1].  

Due to the dispersion of waves in solids, it is 
difficult to use the rising edge detected by different 
sensors to calculate the correct arrival time of the 
wave. This is because of the dependency of wave 
velocity on frequency and this timing uncertainty 
impairs system accuracy. Wave attenuation is 
another factor that makes the rising edge method 
unreliable. Moreover, this method is not suitable for 
continuous acoustic signals, as there is no distinct 
front to detect. Finally, the rising edge detection 
method is prone to ambient noise, particularly for 
weak signals.  

Cross-correlation is also used in time difference 
estimation [5]. The maximum of the cross-
correlation coefficients of two signals indicates the 
time lag between them. However, it was found that, 
if sensors are placed close to the boundaries, results 
of the cross-correlation can be affected by the 
multiple reflections of acoustic waves from object 
boundaries. The reflected waves disperse the pattern 
of the incoming wave from the source to the sensors. 
As a result, ambiguous peaks will appear in the 
correlation coefficients causing abnormal results (see 
Fig. 2). 

 

 
Fig. 2 Cross-correlation coefficients with ambiguous peaks 

 
 
3. Continuous Wavelet Transform Method 
 
3.1. Continuous Wavelet Transform 

 
To overcome the problem of timing uncertainty, 

Wavelet methods have been investigated to exploit 
their ability to obtain the time-frequency 
representation of a signal simultaneously. It would 
be beneficial to know the time intervals between 
different spectral components travelling in a solid 
object for the purpose of correct and precise 
measurement of the time differences of acoustic 
signals.  

The Continuous Wavelet Transform of a signal 
)(tf  is defined as: 
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where a  represents the CWT scale, which is related 
to the frequency, and b  denotes the shift parameter 
in the time domain. The relationship between the 
scale variable a  and frequency w  is a/0ww = , 

where 0w  is the central frequency of the wavelet 

)(ty .  
 

3.2. Velocity estimation with time-frequency analysis  
 

Considering two harmonic waves propagating in 
the x-direction with a unit amplitude and different 
frequencies 1w  and 2w : 
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where ),( txu  is the superposition of the two unit 

waves, and  1k  and 2k  are the wave numbers.  
 
 Introducing 
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equation (6) can be simplified as 
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 Equation (8) represents a modulation process. 
The carrier has frequency cw  and phase velocity 

cc k/w . The modulated wave )cos( tkx wD-D  has 

frequency wD  and propagating velocity kDD /w , 
which is the group velocity when 0®Dk . 

With CWT, the signal )(tu  is transformed into 



the following form [8]: 
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The magnitude of CWT can be obtained as  
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The value of wD  is assumed to be small. 

Therefore, it can be neglected after CWT giving 

).(ˆ)(ˆ)(ˆ 21 caaa wywywy »»  After simplification, 

the magnitude of CWT can be written as: 
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The right side of Eq. 11 reaches its maximum 

value at ca ww /0= and gcxxkb /)/( =DD= w . So 
the maximum of CWT of scale a  with time shift b  
indicates the arrival time at the group velocity.  

 
 
4. Maximum Likelihood Estimation (MLE) 
 
 Likelihood Estimation can overcome problems 
of ambiguities in time difference estimation, which 
may happen with techniques such as cross-
correlation or CWT peak detection as described 
above. This method searches for a target position 
over all possible positions in the workspace instead 
of just looking for the precise time difference of the 
arrived signals. The highest likelihood determines 
the target presence.  

The likelihood distribution can be described 
with Bayes' rule that the posterior probability of a 
source at location L is expressed as [9]: 
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In the simplified condition, the signal model at 

the i th sensor is assumed as:  
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where Ä  denotes the temporal convolution between 
the impulse response )(thi  and the source signal 

)( its t-  at the i th sensor. )(tni  and it represent 

the external noise and the time delay.  Hence, the 
probability can be expressed with the Gaussian 
distribution as: 
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With an assumption of non-dispersive signals, 

the estimated )(ˆ ts  can be obtained using maximum 
likelihood estimation as follows: 
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The likelihood is thus yielded [9] as: 
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is the cross-correlation of all possible pairs of signals 
with the calculated time delay t , and 
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is a constant value representing the summation of 
signal energy over all the channels and does not  
affect  the final result. 

It should be noted that the MLE used here is 
based on the assumption of non-dispersive signals. 
As discussed above, CWT can provide the time-



frequency representation of a signal. At individual 
scales or frequencies, CWT can be understood as 
band-pass filters that extract narrowband information 
from signals. Due to the frequency-velocity 
dependency of flexural waves, CWT is effective in 
dealing with different frequencies separately. 
Although the arrival time at a particular group 
velocity can be extracted at the corresponding scale, 
it was found to be unreliable because the assumption 
of two unit harmonic waves does not hold. 
Nevertheless, any individual scales of CWT can be 
regarded as narrowband signals with a central 
frequency 0w . One main feature of the cross-
correlation of narrowband signals is the presence of 
distinct local peaks with time intervals equal to the 
period of the central frequency. One of the local 
peaks can represent the group delay at a specific 
frequency bandwidth. Fig. 3 illustrates a typical 
example of CWT of the vibration signals from two 
channels. The correlation at one scale is shown in the 
lower part of Fig. 3. In this case, the phase shifts 
between frequencies are assumed to be small.  
 

 
Fig. 3 Wavelet transform of typical signals from two 

channels. The graph in the lower part is the cross-
correlation of the signals CWT at a frequency of 1454Hz. 

 
 
5. Experimentation 
 
5.1. The three tested methods 

 
MLE with cross-correlation. This method 

(defined in Eq.16) is suitable for non-dispersive 
waves. In practice, a digital high-pass filter is applied 
before the cross-correlation.  

MLE with cross-correlation in CWT domain. 
This is similar to the above approach, but cross-
correlations are computed in the CWT domain on 
some specific scales. Another difference is that the 

time delays t  defined in Eq. 15 are extracted from 
the group velocities.  

MLE with peak extraction in CWT domain. This 
method uses the maximum value after CWT as the 
indication of the arrival time at the corresponding 
group velocity directly. This is similar to the method 
of beam-forming [10], which computes the energy of 
the back-propagated signals; instead, the maximum 
value of the summed signals is taken as the 
probability of target presence.  
 
5.2. False alarm removal 
 

In noisy environments (e.g. doors slamming, 
people shouting), the system may detect unwanted 
ambient signals. It is possible to remove these false 
alarms by looking at the ‘consistency’ of the detected 
target position. The position consistency is defined 

as the product of the ratios 
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A large value of this function indicates a high 
probability that a received signal is a false alarm. 
Thus, a simple threshold can be applied to classify 
the consistency for identifying a real tap. 
 
5.3. Experimental hardware 

 
The experiments were carried out on a thin 

Medium Density Fibreboard (MDF) board of 



dimensions of 1200x900x6 (mm3). The sensors are 
located at the four corners of the central 
experimental area of 600x400 (mm2). 
 
5.4. Velocity determination 
 

When an acoustic source position is known, the 
wave propagation velocity can be determined using 
the following expression: 
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With CWT, the group velocities can be 

calculated for each frequency of interest individually.  
 
5.5. Comparative results 
 

The experiments were carried out with the 
source positioned at (40, 30). Figures 4, 5, and 6 
show typical results for the three methods. A brighter 
region indicates a higher probability of the target 
presence. The experiments have shown that the first 
method using cross-correlation (Fig. 4.) and the 
second method using cross-correlation in CWT (Fig. 
5) have similarly good performance. However, the 
third method produced a more blurred image (Fig. 6). 
The first method can be further improved with a 
high-pass filter. Cross-correlation in the CWT 
domain was found sensitive to specific frequencies 
when different types of objects were used to produce 
impacts. It is also a method of high computational 
demand. However, the main advantage of the second 
and the third methods is their ability to separate 
frequencies of dispersive waves with CWT for a 
precise localisation. Compared with the third method, 
the second method of MLE with cross-correlation in 
the CWT domain has shown greater reliability. 
 

 
Fig. 4 Example of MLE with cross-correlation. The source 

is at (40, 30). 

 
Fig. 5 Example of MLE with cross-correlation in CWT. 

The source is at (40, 30). 

 
Fig. 6 Example of MLE with peak extraction in CWT. The 

source is at (40, 30). 

 
 
6. Conclusion 
 

This paper has discussed two conventional 
TDOA-based methods for the localisation of an 
impulsive source. Taking into consideration the 
frequency-velocity dispersive property of Lamb 
waves, CWT has been applied in order to deal with 
narrower band signals in different bandwidths. 
Maximum likelihood estimation was used to 
overcome problems of ambiguities of precise time 
lag determination. Finally, three localisation methods 
have been proposed and evaluated experimentally. 
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